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.2013.09.0Abstract We study the linear analysis of capillary instability of a cylindrical interface between two
viscous and dielectric ﬂuids, when the ﬂuids are subjected to a constant axial electric ﬁeld and, when
there is heat and mass transfer across the interface. We use viscous correction for the viscous poten-
tial ﬂow theory in which the discontinuities in the irrotational tangential velocity and shear stress
are eliminated in the global energy balance by taking viscous contributions to the irrotational pres-
sure. A quadratic dispersion relation that accounts for the growth of axisymmetric waves is
obtained and stability criterion is given in terms of a critical value of wave number as well as electric
ﬁeld. It is observed that heat transfer and electric ﬁeld both have stabilizing effect while vapor frac-
tion has destabilizing effect on the stability of the system.
 2013 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
A ﬂow is called irrotational ﬂow if ﬂuid particles do not rotate
about any axis when they are ﬂowing in a streamline. Hence,
the rotational vector for this ﬂow is zero i.e.  · u= 0 and
so, velocity u can be expressed as gradient of potential func-
tion. Therefore, the viscous term i.e. l2u in the Navier–
Stokes equation is identically zero but the viscosity is not zero,
where l denotes the viscosity the ﬂuid. The irrotational theory
that includes the effect of normal viscous stresses at the inter-
face is called viscous potential ﬂow (VPF) theory. To study theil.com
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03capillary instability of a viscous ﬂuid cylinder surrounded by
another viscous ﬂuid, Funada and Joseph [1] applied the vis-
cous potential ﬂow theory and observed that the VPF theory
gives good agreement with the experimental results. Funada
and Joseph [2] also applied the VPF theory to study the capil-
lary instability of viscoelastic ﬂuid of Maxwell type surrounded
by a viscous ﬂuid and found that the elastic property of ﬂuid
enhances the instability.
The heat and mass transfer phenomenon in multiphase
ﬂows has received much attention in recent years because of
its wide range of applications in many situations such as boil-
ing heat transfer in chemical engineering and in geophysical
problems. Linear stability analysis of the physical system con-
sisting of a vapor layer underlying a liquid layer of an inviscid
ﬂuid was carried out by Hsieh [3]. He used the potential ﬂow
theory to solve the governing equations but the study was re-
stricted to the inviscid ﬂuids. Nayak and Chakraborty [4]
solved the problem of Kelvin–Helmholtz instability but
they have taken this problem in the cylindrical geometry.in Shams University.
Fig. 1 Equilibrium conﬁguration of the system.
264 M.K. AwasthiKhodaparast et al. [5] extended the work of Hsieh [3] taking
the liquid as viscous ﬂuid while vapor was still inviscid. Awas-
thi and Agrawal [6] studied the similar problem as taken by
Hsieh [3] but they considered both ﬂuids as viscous. The effect
of heat and mass transfer on the Kelvin–Helmholtz instability
was studied by Asthana and Agrawal [7] when both ﬂuids are
miscible and viscous.
Kim et al. [8] extended the work of Funada and Joseph [1]
including the effect of interfacial heat and mass transfer. They
found that the interfacial heat and mass transfer phenomenon
resists the growth of disturbance waves. Awasthi and Agrawal
[9] studied the nonlinear effects on the capillary instability
when the ﬂuids are miscible and viscous and found the nonlin-
earity reduces the region of stability.
The viscous stresses in a ﬂow ﬁeld can be divided into two
parts; tangential and normal stresses. If the ﬂow is irrotational,
the viscous term in the Navier–Stokes equation is zero but the
viscous stresses are not zero. In the VPF theory, we assume
that the tangential part of viscous stresses is zero in case of free
surface problems but it is not possible in practical situations.
To incorporate this discontinuity, Wang et al. [10] included
an extra pressure term known as viscous pressure and using
the global energy balance, it has been found that this viscous
pressure term will include the effect of tangential stresses. This
theory is called viscous corrections for the viscous potential
ﬂow (VCVPF) theory. Awasthi et al. [11] studied the effect
of viscous pressure on the Kelvin–Helmholtz instability of
two viscous ﬂuids and found that irrotational tangential stres-
ses have stabilizing effect. It has observed that in case of
immiscible and viscous ﬂuids, the stability criterion is same
for both VPF and VCVPF theories (Awasthi and Agrawal
[12]). If we take the miscible ﬂuids and there is heat and mass
transfer across the interface, the effect of viscous pressure will
increase the stability of the system (Awasthi [13], Awasthi et al.
[14–17]).
The presence of electric ﬁeld may change the ﬂuid behavior
and its ﬂow. The discontinuity of the electric properties of the
ﬂuid across the interface affects the force balance at the ﬂuid–
ﬂuid interface, which may either stabilize or destabilize the
interface depending upon the nature of the ﬂuid and direction
of the electric ﬁeld. The researches show great interest in the
ﬁeld of electrohydrodynamics due to its vast applications in
most interesting problems of chemical engineering and other
related ﬁelds. Electrohydrodynamics also enhances heat trans-
fer which is used in several industrial application including
heat exchange manufacturing and power generation. Electro-
hydrodynamic capillary instability in the presence of heat
and mass transfer is widely used for various physical applica-
tions such as ink jet printing, paint spraying, pumping ﬂuids,
and fuel atomization. The effect of axial electric ﬁeld on the
instability of a liquid jet of ﬁnitely conducting and inviscid
ﬂuids was examined by Elhefnawy et al. [18]. They have
performed the nonlinear analysis and found that if the electric
ﬁeld is uniform, it will stabilize the liquid jet. The combine
effect of heat transfer and general electric ﬁeld on the
conducting and inviscid liquid jet instabilities was examined
by El-Sayed et al. [19]. They have observed that the effect of
radial electric ﬁeld may stabilize or destabilize the system
depending upon the choice of the parameters but axial electric
ﬁeld has stabilizing inﬂuence.
To the best of our knowledge, the combined effect of heat
transfer and electric ﬁeld on the capillary instability of twoviscous ﬂuids has not been investigated, yet. In the present arti-
cle, we have made an attempt to study the capillary instability
of cylindrical interface of two miscible ﬂuids taking heat and
mass transfer into the account and, when the ﬂuids are sub-
jected to uniform electric ﬁeld acting in the axial direction.
In this study, the motion is assumed to be irrotational and ﬂu-
ids are taken as viscous, incompressible and dielectric with dif-
ferent densities, viscosities and permittivities. The effect of
gravity and free surface charges at the interface has not been
taken into the account. The system has been examined for
the axisymmetric disturbances and a quadratic dispersion rela-
tion is obtained. Stability criterion has been obtained in terms
of critical value of wave number and critical electric ﬁeld.
Various neutral curves have been drawn to show the effect
of various physical parameters such as electric ﬁeld, heat trans-
fer capillary number, on the stability of the system. To study
the effect of viscous pressure, the results obtained for the
VCVPF analysis have been compared with those obtained
for the VPF analysis.
2. Problem formulation
A system of two incompressible, dielectric and viscous ﬂuids,
separated by a cylindrical interface, is considered in an annular
conﬁguration as shown in Fig. 1. A cylindrical system of coor-
dinates (r, h, z) is assumed so that in the equilibrium state z-
axis is the axis of symmetry of the system. The undisturbed
cylindrical interface is taken at radiusR. In the formulation
the superscripts 1 and 2 denote the variables associated with
the ﬂuid inside and outside the interface, respectively. In undis-
turbed state, viscous ﬂuid layer of thickness h1, density q
(1), vis-
cosity l(1) and permittivity e(1) occupies the inner region
r1 < r< R and viscous ﬂuid layer of thickness h2, density
q(2), viscosity l(2) and permittivity e(2) occupies the outer region
R< r< r2 where h1 = R  r1 and h2 = r2  R. Surface ten-
sion at the interface is taken as r. The bounding surfaces
r= r1 and r= r2 are considered to be rigid. The temperatures
at r= r1, r= R and r= r2 are T1, T0 and T2 respectively.
Both ﬂuids are assumed to be incompressible and irrotational.
In the basic state, thermodynamics equilibrium is assumed and
the interface temperature T0 is set equal to the saturation
temperature.
To study the stability of the system, small axisymmetric dis-
turbances are superimposed on the basic rest state. After dis-
turbance, the interface is given by
Fðr; z; tÞ ¼ r R gðz; tÞ ¼ 0; ð1Þ
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the equilibrium value R, and for which the outward unit
normal vector is given by
n ¼ rFjrFj ¼ 1þ
@g
@z
 2( )1=2
er  @g
@z
ez
 
; ð2Þ
where er and ez are unit vectors along r and z directions,
respectively.
In each ﬂuid layer velocity is expressed as the gradient of
the potential function /(r, z, t) and the potential functions sat-
isfy the Laplace’s equation i.e.
r2/ðjÞ ¼ 0; j ¼ 1; 2; ð3Þ
where r2 ¼ @2
@r2
þ 1
r
@
@r
þ @2
@z2
.
The two ﬂuids are subjected to an external electric ﬁeld E0,
acting along z-axis i.e.
E ¼ E0ez: ð4Þ
It is assumed that the quasi-static approximation is valid
for the problem, hence the electric ﬁeld can be derived from
electric scalar potential function w(r, z, t) such that
Ej ¼ E0ez rwðjÞ; ðj ¼ 1; 2Þ: ð5Þ
Gauss’s law requires that the electric potentials also satisfy
the Laplace’s equation i.e.
r2wðjÞ ¼ 0; ðj ¼ 1; 2Þ: ð6Þ
The boundary conditions at the rigid cylindrical surfaces
r= r1 and r= r2 are given by
@/ðjÞ
@r
¼ 0 at r ¼ rj; ðj ¼ 1; 2Þ; ð7Þ
@wðjÞ
@z
¼ 0 at r ¼ rj; ðj ¼ 1; 2Þ: ð8Þ
The tangential component of the electric ﬁeld must be con-
tinuous across the interface i.e.
½Et ¼ 0; ð9Þ
where Et(=Œn · E Œ) is the tangential component of the electric
ﬁeld and [x] represents the difference in a quantity across the
interface, it is deﬁned as [x] = x(2)  x(1).
There is a discontinuity in the normal current across the
interface; charge accumulation within a material element is
balanced by conduction from bulk ﬂuid on either side of the
surface. The boundary condition, corresponding to normal
component of the electric displacement, at the interface is
given by
½eEn ¼ 0; ð10Þ
where En(=n Æ E) is the normal component of the electric ﬁeld.
In this analysis, it is assumed that phase-change takes place
locally in such a way that the net phase-change rate at the
interface is equal to zero. Therefore, the interfacial condition,
which expresses the conservation of mass across the interface,
is as follows:
q
@F
@t
þr/  rF
  
¼ 0 at r ¼ Rþ g; ð11ÞThe interfacial condition for energy transfer proposed by
Hsieh [3] is expressed as
Lqð1Þ
@F
@t
þr/ð1Þ  rF
 
¼ SðgÞ at r ¼ Rþ g; ð12Þ
where L is the latent heat released during phase transformation
and S(g) denotes the net heat ﬂux from the interface. In deriving
Eq. (12), it has assumed that the amount of latent heat released
depends mainly on the instantaneous position of the interface.
In the equilibrium state, the heat ﬂuxes in positive r-direc-
tion in the ﬂuid phases 1 and 2 are K1(T1  T0)/R ln(R1/R)
and K2(T0  T2)/R ln(R/R2), respectively where K1 and K2
denote the heat conductivities of the two ﬂuids. The net heat
ﬂux S(g) is expressed as (Nayak and Chakraborty [4])
SðgÞ ¼ K2ðT0  T2ÞðRþ gÞðln r2  lnðRþ gÞÞ
 K1ðT1  T0ÞðRþ gÞðlnðRþ gÞ  ln r1Þ : ð13Þ
On expanding S(g) about r= R i.e. at g= 0,
SðgÞ ¼ Sð0Þ þ gS0ð0Þ þ 1
2
g2S00ð0Þ þ 1
6
g3S000ð0Þ þ . . . : ð14Þ
Since S(0) = 0, from Eq. (13) we get
K2ðT0  T2Þ
R lnðr2=RÞ ¼
K1ðT1  T0Þ
R lnðR=r1Þ
¼ G; where G is a constant: ð15Þ
Hence in the equilibrium state, heat ﬂuxes across the interfaces
are equal.
The interfacial condition for conservation of momentum is
given by;
qð1Þðr/ð1Þ  rFÞ @F
@t
þr/ð1Þ  rF
 
¼ qð2Þðr/ð2Þ  rFÞ
@F
@t
þr/ð2Þ  rF
 
þ

p2  p1  2lð2Þn  r  r/ð2Þ
nþ 2lð1Þn  r  r/ð1Þ  n 1
2
e E2n  E2t
  	þ rr  njrFj2
at r ¼ Rþ g ð16Þ
where p represents the pressure and r denotes the surface ten-
sion. Surface tension has been assumed to be a constant,
neglecting its dependence on temperature. Pressure can be ob-
tained using Bernoulli’s equation.
3. Viscous correction for the viscous potential ﬂow
To include the effect of irrotational shearing stresses, the vis-
cous pressure has been included in the normal stress balance.
The formulation of viscous pressure has been derived from
global energy balance.
Let n1 = er be the unit outward normal at the interface for
the inner ﬂuid and n2 = n1 is the unit outward normal for the
outer ﬂuid; and t= ez be the unit tangent vector. We use the
superscripts ‘v’ for viscous and ‘i’ for irrotational, respectively.
The normal and shear parts of the viscous stress are repre-
sented by sn and ss, respectively.
The mechanical energy equations for outside and inside ﬂu-
ids are respectively
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dt
Z
V2
qð2Þ
2
ju2j2dV ¼
Z
A
ðu2  T  n2ÞdA
Z
V2
2lð2ÞD2 : D2dV
¼ 
Z
A
u2  n1ðpi2 þ sn2Þ þ u2  tss2
 
dV
Z
V2
2lð2ÞD2 : D2dV
ð17Þ
d
dt
Z
V1
qð1Þ
2
ju1j2dV ¼
Z
A
ðu1  T  n1ÞdA
Z
V2
2lð1ÞD1 : D1dV
¼
Z
A
u1  n1ðpi1 þ sn1Þ þ u1  tss1
 
dV
Z
V1
2lð1ÞD1 : D1dV;
ð18Þ
where Dj (j= 1, 2) is the symmetric part of the rate of strain
tensor for inside and outside ﬂuid, respectively.
As the normal velocities at the interface are continuous,
u2 Æ n1 = u1 Æ n1 = un , the sum of Eqs. (17) and (18) can be
written as
d
dt
Z
V2
qð2Þ
2
ju2j2dVþ d
dt
Z
V1
qð1Þ
2
ju1j2dV
¼
Z
A
unðpi1 þ sn1 þ pi2  sn2Þ þ u2  tss2  u1  tss1
 
dA

Z
V2
2lð2ÞD2 : D2dV
Z
V1
2lð1ÞD1 : D1dV: ð19Þ
On introducing the two viscous pressure correction terms p1
and p2 for the inner and outer side of the ﬂow region, we can
resolve the discontinuity of the shear stress and tangential
velocity at the interface, so
ss1 ¼ ss2 ¼ ss and u2  t ¼ u1  t ¼ us
Hence, Eq. (19) becomes
d
dt
Z
V2
qð2Þ
2
ju2j2dVþ d
dt
Z
V1
qð1Þ
2
ju1j2dV
¼
Z
A
unðpi1  p1 þ sn1 þ pi2 þ p2  sn2Þ
 
dA

Z
V2
2lð2ÞD2 : D2dV
Z
V1
2lð1ÞD1 : D1dV: ð20Þ
On comparing Eqs. (19) and (20), we getZ
A
unðp1 þ p2Þ
 
dA ¼
Z
A
u1  tss1  u2  tss2
 
dA ð21Þ
The governing equations of pressure correction are given
by :
r2pj ¼ 0 for ðj ¼ 1; 2Þ ð22Þ
On solving Eq. (22) using the normal mode method, the
expressions for the viscous pressure can be written as:
p1 ¼ ðCkiI0ðkrÞ þ EkiK0ðkrÞÞ expðiðkz xtÞÞ ð23Þ
p2 ¼ ðDkiI0ðkrÞ þ FkiK0ðkrÞÞ expðiðkz xtÞÞ ð24Þ
Here I0(kr) and K0(kr) denote the modiﬁed Bessel functions of
the ﬁrst kind and second kind of order zero, respectively,
i ¼ ﬃﬃﬃﬃﬃﬃ1p and Ck, Ek, Dk, Fk all denote complex constants.
At the interface r= R the difference in the viscous pressure
is given as:pv1 þ pv2 ¼ fðCk DkÞiI0ðkRÞ þ ðEk  FkÞiK0ðkRÞg
 expðiðkz xtÞÞ ð25Þ
We have considered that there exist viscous pressures along
with irrotational pressures at the interface of the two ﬂuids. On
including the viscous pressure along with irrotational pressure,
the equation of conservation of momentum (16) can be written
as
qð1Þðr/ð1Þ  rFÞ @F
@t
þr/ð1Þ  rF
 
¼ qð2Þðr/ð2Þ  rFÞ
@F
@t
þr/ð2Þ  rF
 
þ pi2 þ p2  pi1  p1  2lð2Þn  r

r/ð2Þ  nþ 2lð1Þn  r  r/ð1Þ  n 1
2
e E2n  E2t
  	þ rr  n
jrFj2 ð26Þ
Here pij represents irrotational pressure and pj denotes viscous
pressure for inside and outside ﬂuid for (j= 1, 2), respectively.
4. Linearization and normal mode analysis
It has been observed that the asymmetric disturbances are al-
ways stable for capillary instability. A long cylinder of liquid
is unstable to the axisymmetric disturbances with wavelengths
greater than 2pR, where R is the radius of the cylinder. Hence,
we considered only axisymmetric disturbances in this analysis.
Now, axisymmetric disturbances are imposed on the
Eqs. (9)–(12) and (26) and retaining the linear terms we can
get the following equations.
@w
@z
 
¼ 0; ð27Þ
e
@w
@r
þ E0 @g
@z
  
¼ 0; ð28Þ
q
@/
@r
 @g
@t
  
¼ 0; ð29Þ
qð1Þ
@/ð1Þ
@r
 @g
@t
 !
¼ ag; ð30Þ
q
@/
@t
 
 p þ 2l @
2/
@r2
þ eE0 @w
@z
 
¼ r @
2g
@z2
þ g
R2
 
ð31Þ
where
a ¼ G
LR
lnðr2=r1Þ
lnðr2=RÞ lnðR=r1Þ
Now the normal mode technique has been used to ﬁnd the
solution of the governing equations. Letting the interface ele-
vation be represented by:
g ¼ C expðiðkz xtÞÞ þ c:c:; ð32Þ
where C represents the amplitude of the surface wave, k de-
notes the real wave number, x is the growth rate and c.c. refers
the complex conjugate of the preceding term.
On solving Eqs. (3) and (6) with the help of boundary con-
ditions (27)–(30), we get
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k
a
qð1Þ
 ix
 
Eð1ÞðkrÞC expðiðkz xtÞÞ þ c:c: ð33Þ
/ð2Þ ¼ 1
k
a
qð2Þ
 ix
 
Eð2ÞðkrÞC expðiðkz xtÞÞ þ c:c: ð34Þ
wð1Þ ¼ iðe
ð2Þ  eð1ÞÞE0 g2ðkÞ
eð1Þg2ðkÞG1ðkÞ  eð2Þg1ðkÞG2ðkÞ
ðI0ðkr1ÞK0ðkrÞ
 I0ðkr1ÞK0ðkrÞÞC expðiðkz xtÞÞ þ c:c: ð35Þ
wð2Þ ¼ iðe
ð2Þ  eð1ÞÞE0 g1ðkÞ
eð1Þg2ðkÞG1ðkÞ  eð2Þg1ðkÞG2ðkÞ
ðI0ðkrÞK0ðkr2Þ
 I0ðkr2ÞK0ðkrÞÞC expðiðkz xtÞÞ þ c:c: ð36Þ
where
EðjÞðkRÞ ¼ I0ðkrÞK1ðkrjÞ þ I1ðkrjÞK0ðkrÞ
I1ðkRÞK1ðkrjÞ  I1ðkrjÞK1ðkRÞ ;
gjðkÞ ¼ I0ðkrjÞK0ðkRÞ  I0ðkRÞK0ðkrjÞ;
GjðkÞ ¼ I1ðkRÞK0ðkrjÞ  I0ðkrjÞK1ðkRÞ; ðj ¼ 1; 2Þ
and symbols In and Kn are modiﬁed Bessel functions of ﬁrst
and second kind of order n(=0, 1) respectively .
The contribution for the viscous correction is obtained on
solving Eq. (21) along with Eq. (25) and we get
½ðCk DkÞiI0ðkRÞ þ ðEk  FkÞiK0ðkRÞ
¼ 2kC lð1Þ a
qð1Þ
 ix
 
Eð1ÞðkRÞ  lð2Þ a
qð2Þ
 ix
 
Eð2ÞðkRÞ
 
ð37Þ5. Dispersion relation
Substituting the values of g, /(1), /(2), w(1), w(2) and Eq. (37) in
Eq. (31), we get the dispersion relation
Dðx; kÞ ¼ a0x2 þ ia1x a2 ¼ 0 ð38Þ
where
a0 ¼ qð1ÞEð1ÞðkRÞ  qð2ÞEð2ÞðkRÞ a1 ¼ aðEð1ÞðkRÞ  Eð2ÞðkRÞÞ
þ 2k2ðlð1ÞðFð1ÞðkRÞ þ Eð1ÞðkRÞÞ  lð2ÞðFð2ÞðkRÞ þ Eð2ÞðkRÞÞÞ
a2 ¼ rk k2  1
R2
 
þ 2k2a
 l
ð1Þ
qð1Þ
ðFð1ÞðkRÞ þ Eð1ÞðkRÞÞ  l
ð2Þ
qð2Þ
ðFð2ÞðkRÞ þ Eð2ÞðkRÞÞ
 
 k
2E20g1ðkÞg2ðkÞðeð2Þ  eð1ÞÞ
2
eð1Þg2ðkÞG1ðkÞ  eð2Þg1ðkÞG2ðkÞ
Fð1ÞðkRÞ ¼ Eð1ÞðkRÞ  1
kR
; Fð2ÞðkRÞ ¼ Eð2ÞðkRÞ  1
kR
After using the transformation x= ix0, the dispersion
relation is obtained in growth rate x0 i.e.
a0x
2
0 þ a1x0 þ a2 ¼ 0: ð39Þ
On application of the Routh–Hurwitz criterion in the Eq.
(39) the stability condition is a0 > 0, a1 > 0, a2 > 0.
Using the properties of modiﬁed Bessel functions, we have
a0 > 0 trivially and since l
(1) and l(2) are positive so a1 > 0.
Hence the condition of stability gives rise to a2 > 0,2k2a
lð1Þ
qð1Þ
ðFð1ÞðkRÞ þ Eð1ÞðkRÞÞ  l
ð2Þ
qð2Þ
Fð2ÞðkRÞ þ Eð2ÞðkRÞ  
þrk k2  1
R2
 
 k
2E20g1ðkÞg2ðkÞðeð2Þ  eð1ÞÞ
2
eð1Þg2ðkÞG1ðkÞ  eð2Þg1ðkÞG2ðkÞ
!
> 0 ð40Þ
Hence we conclude that the system is stable for kP kc and
unstable k< kc, where kc is the critical value of the wave
number.
Eq. (40) can also be written as
k2cE
2
0g1ðkcÞg2ðkcÞðeð2Þ  eð1ÞÞ
2
eð1Þg2ðkcÞG1ðkcÞ  eð2Þg1ðkcÞG2ðkcÞ
< 2k2ca
lð1Þ
qð1Þ
Fð1ÞðkcRÞ

þEð1ÞðkcRÞ
 lð2Þ
qð2Þ
Fð2ÞðkcRÞ þ Eð2ÞðkcRÞ
 þ rkc k2c  1R2
 
ð41Þ
It is also concluded that the system is stable for E 6 Ec and
unstable for E> Ec, where Ec is the critical value of the elec-
tric ﬁeld.
The condition for neutral stability is given by
2k2ca
lð1Þ
qð1Þ
Fð1ÞðkcRÞþEð1ÞðkcRÞ
 lð2Þ
qð2Þ
Fð2ÞðkcRÞþEð2ÞðkcRÞ
  
þrkc k2c
1
R2
 
 k
2
cE
2
0g1ðkcÞg2ðkcÞðeð2Þ  eð1ÞÞ
2
eð1Þg2ðkcÞG1ðkcÞ eð2Þg1ðkcÞG2ðkcÞ
¼ 0 ð42Þ
For E0 = 0, Eq. (42) is reduced to dispersion relation as ob-
tained by Awasthi et al. [16]. In Eq. (42) putting E0 = 0 and
neglecting the effect of shearing stresses, we get the dispersion
relation as obtained by Kim et al. [8]. Choosing l1 = 0,
l2 = 0, a= 0, r1ﬁ 0, r2ﬁ1 and E0 = 0, the dispersion rela-
tion (42) reduces to form x20 ¼ Tð1x
2Þ
R3
xI1ðxÞK1ðxÞ
qð1ÞI0ðxÞK1ðxÞþqð2ÞI1ðxÞK0ðxÞ
h i
,
using the results I00ðxÞ ¼ I1ðxÞ;K00ðxÞ ¼ K1ðxÞ; x ¼ kR; limr1
! 0K00ðkr1Þ ! 1; limr2!1I00ðkr2Þ ! 1. Here the condition
for stability is x> 1, which is well known Rayleigh criteria
for a cylindrical jet.6. Dimensionless form of dispersion relation
Consider the dimensionless variables
r^ ¼ r=h; z^ ¼ z=h; g^ ¼ g=h; t^ ¼ t=s; x^ ¼ xs;
k^ ¼ kh; h^ ¼ h1=h ¼ u; bR ¼ r^1 þ u;
where the length scale h and time scale s are deﬁned as
h ¼ r2  r1; s ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qð2Þh3=r
q
.
Also, if we consider
q^¼ q
ð1Þ
qð2Þ
; l^¼ l
ð1Þ
lð2Þ
; Oh¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qð2Þrh
p
lð2Þ
; a^¼ a
qð2Þ=s
; K¼ 2a^
Oh
;
j¼ l^
q^
; p^1¼ h
2
k1
; e^¼ e
ð1Þ
eð2Þ
; bE2¼ eð2ÞE20h
r
where Oh denotes the Ohnesorge number and it is deﬁned
as the ratio of the surface tension force to the inertia force,
a^ represents the heat transfer capillary number, u denotes
the inner ﬂuid fraction, j represents the kinematic viscosity
ratio and K denotes the alternative heat transfer capillary
number.
The dimensionless form of Eq. (38) can be written as
268 M.K. AwasthiDðx^; k^Þ ¼ a^0x^2 þ ia^1x^ a^2 ¼ 0
a^0 ¼ ðq^Eð1Þðk^ bRÞ  Eð2Þðk^ bRÞÞ
a^1 ¼ a^ Eð1Þðk^ bRÞ  Eð2Þðk^ bRÞ þ 2k^2
oh
ðl^ðFð1Þðk^ bRÞ þ Eð1Þðk^ bRÞÞ
 ðFð2Þðk^ bRÞ þ Eð2Þðk^ bRÞÞÞ
a^2 ¼ 2k^
2a^
oh
l^
q^
ðFð1Þðk^ bRÞ þ Eð1Þðk^ bRÞÞ  ðFð2Þðk^ bRÞ þ Eð2Þðk^ bRÞÞ 
þ k^ðk^2  1bR2Þ  k^
2 bE2g1ðk^Þg2ðk^Þð1 e^Þ2
e^g2ðk^ÞG1ðk^Þ  g1ðk^ÞG2ðk^Þ
ð43Þ
and non-dimensional form of Eq. (42) is given by:Kk^c jðFð1Þðk^c bRÞ þ Eð1Þðk^c bRÞÞ  Fð2Þðk^c bRÞ þ Eð2Þðk^c bRÞ þ k^2c  1bR2  k^cbE2g1ðk^cÞg2ðk^cÞð1e^Þ2e^g2ðk^cÞG1ðk^cÞg1ðk^cÞG2ðk^cÞ
 
¼ 0 ð44Þ7. Results and discussion
In this section, the numerical computation has been carried out
using the expressions presented in the previous section for a
ﬁlm boiling condition. We have taken vapor and water as
working ﬂuids identiﬁed with phases 1 and 2, respectively, such
that T1 > T0 > T2. We are treating steam as incompressible
since the Mach number is expected to be small. In ﬁlm boiling,
the vapor-water interface is in saturation condition and the
temperature T0 is equal to the saturation temperature. Follow-
ing parametric values have been taken:
qð1Þ ¼ 0:001 gm=cm3; qð2Þ ¼ 1:0 gm=cm3;
lð1Þ ¼ 0:00001 poise; lð2Þ ¼ 0:01 poise; r ¼ 72:3 dyne=cm
The diameters of the inner and outer cylinders are taken as
1 cm and 2 cm, respectively. At the interface, phase-change is
taking place. Neutral curves for wave number divide the plane
into a stable region above the curve and an unstable region be-101 102 103 104 105
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Fig. 2 Neutral curves for critical wave number whenbE ¼ 5;u ¼ 0:01 for the different values of heat transfer capillary
number K.low the curve while neutral curves for the magnetic ﬁeld divide
the plane into a stable region below the curve and an unstable
region above the curve. In the following the effect of various
physical parameters on the onset of instability is interpreted
through various Figures.
The effect of alternative heat transfer capillary dimension-
less group K on the neutral curves for critical wave number
has been shown in Fig. 2 when the electric ﬁeld intensitybE ¼ 5. Here we have found that if we K constant and increase
j, the critical wave number kc reduces for ﬁxed value of vapor
fraction u; hence the VCVPF theory predicts longer stable
waves. As alternative heat transfer capillary dimensionless
group K increases, the stable region also increases. Since K is
directly proportional to the heat ﬂux and inversely propor-tional to the surface tension. Therefore, surface tension has
destabilizing effect on the stability of the system while heat ﬂux
has stabilizing effect. This is the similar result as one obtained
by Awasthi et al. [17] for the capillary instability with heat and
mass transfer in the absence of electric ﬁeld. Therefore, it has
been concluded that the behavior of heat transfer across the
interface does not affected by the presence of electric ﬁeld.
The effect of heat and mass transfer on the stability of the sys-
tem can be explained in terms of local evaporation and con-
densation at the interface. At a perturbed interface, crests
are warmer because they are closer to the hotter boundary
on the vapor side, thus local evaporation takes place, whereas
troughs are cooler and thus condensation takes place. The li-
quid is protruding to a hotter region and the evaporation will
diminish the growth of disturbance waves.
The effect of electric ﬁeld intensity bE on the neutral curves
for the critical wave number kc has been studied in Fig. 3. It
has been observed that for a ﬁxed value of j and K, the critical
wave number kc decreases on increasing electric ﬁeld intensitybE. Therefore, it is concluded that bE has stabilizing effect. If101 102 103 104
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Fig. 3 Neutral curves for critical wave number when K= 106,
u= 0.01 for the different values of electric ﬁeld intensity bE.
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Fig. 4 Growth rate curves when a^ ¼ 104; bE ¼ 5;u ¼ 0:01 for
the different values of permittivity ratio of two ﬂuids e^.
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Fig. 5 Neutral curves for critical electric ﬁeld when K= 106
for the different values of vapor fraction u.
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Fig. 6 Comparison between the neutral curves of wave number
obtained for VPF and VCVPF solution when bE ¼ 2;u ¼ 0:01.
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Fig. 7 Comparison between the neutral curves of wave number
obtained for VPF and VCVPF solution when K= 106,
u= 0.01.
Electrohydrodynamic capillary instability with heat and mass transfer 269electric ﬁeld is present in the analysis, the term contributed
from the applied electric ﬁeld added in the right hand side of
the Eq. (42) and so that critical value of wave number de-
creases and system will become more stable. For a ﬁxed value
of vapor thickness u, on increasing j, the critical wave number
kc decreases and ﬁnally vanishes at threshold j.
The variation of growth rate x^0 for different values of per-
mittivity ratio of two ﬂuids e^ has been shown in Fig. 4 when
a^ ¼ 104; bE ¼ 2;u ¼ 0:01. The Figure shows that as the ratio
of the permittivities of the two ﬂuids increases, the growth of
disturbance wave ﬁrst increases and after that decreases. It
concludes that e^ shows dual nature in the stability analysis
i.e. destabilizing as well as stabilizing effect. At the constant
value of the electric ﬁeld, the most unstable case was found
when both the ﬂuids have same permittivity i.e. e^ ¼ 1. This
happens because at e^ ¼ 1, the effect of electric ﬁeld vanishes.
In Fig. 5, we have shown the effect of vapor fraction on the
neutral curves of critical value of electric ﬁeld. As vapor frac-
tion increases, the stable region decreases at the constant value
of heat ﬂux and this concludes that the vapor fraction hasdestabilizing effect on the stability of the system. On increasing
the vapor fraction, more heat is supplied to the interface and
so the interface becomes unstable. Vapor fraction plays desta-
bilizing role also in the nonlinear analysis of capillary instabil-
ity when there is heat and mass transfer across the interface as
observed by Awasthi and Agrawal [9].
In Fig. 6, the neutral curve of wave number obtained in the
VPF analysis has been compared with the neutral curve
obtained in the VCVPF analysis when bE ¼ 2;u ¼ 0:01. It
has observed that when heat transfer across the interface is
small, both VCVPF and VPF theories predicts same critical
wave number kc but as the heat transfer across the interface in-
creases, the stable region grows for the VCVPF solution as
compared to the VPF solution. Therefore, when the heat
transfer is very high, the VCVPF solution is more stable than
the VPF solution. In the VCVPF solution, the effect of all the
viscous stresses (normal as well as shearing stresses) has been
taken while in the VPF analysis the effect of shearing stresses
270 M.K. Awasthiis neglected. Hence, the effect of irrotational shearing stresses
will resist the growth of the disturbance waves and system will
stabilize.
The comparison between the neutral curve of wave number
obtained for the VPF solution and VCVPF solution has been
made in Fig. 7 for K= 103. It can be seen from the Figure if
we kept heat transfer constant, at the lower values of electric
ﬁeld, The VCVPF solution is more stable than the VPF solu-
tion but as electric ﬁeld intensity increases, the VPF and
VCVPF solution gives almost same kc. This is happening be-
cause when the electric ﬁeld intensity is low, the irrotational
shearing stresses dominate at the interface while at the higher
values of electric ﬁeld intensity, the polarization force
dominates.
8. Conclusion
We have studied the effect of axial electric ﬁeld on the capil-
lary instability, when there is heat and mass transfer across
the interface. The dispersion relation is obtained which is a
quadratic equation in growth rate. The stability condition is
obtained by applying Routh–Hurwitz criterion. A critical va-
lue of electric ﬁeld as well as critical wave number is ob-
tained. The system is unstable when the electric ﬁeld is
greater than the critical value of electric ﬁeld, otherwise it
is stable. It is observed that the heat and mass transfer has
stabilizing effect on the stability of the system and this effect
is enhanced in the presence of axial electric ﬁeld. The heat
and mass transfer completely stabilizes the interface against
capillary effects even in the presence of electric ﬁeld. It is also
observed that the axial electric ﬁeld increases the stability of
the system. The ratio of dielectric constant has dual effect
while vapor fraction destabilizes the system. The heat and
mass transfer, for inviscid ﬂuids, has no effect on the stability
of the system, while it has stabilizing effect on the stability
for viscous ﬂuids. The VCVPF solution is more stable than
the VPF solution when electric ﬁeld intensity is low and heat
transfer is high.References
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